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Phylogenetic Reconstruction

Starting in the 19th century:
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A page from Darwin’s notebook (1837)

Haeckel’s tree of life (1866)
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Phylogenetic tree on fungi

(1: How to reconstruct the tree?
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Phylogenetic tree on fungi

()1: How to reconstruct the tree?

()2: How much information is needed?
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Phylogenetic Reconstruction

Set of 11 species { |

Goal: Recover the phylogenetic tree on these species

Approach (subtree amalgamation)

* Recover the relationship between smaller subsets of species
 Combine this information to recover the entire tree




(Quartet trees

The smallest piece of phylogenetic information

* (Unrooted) phylogeny on 4 species

a \ /
b / \ d
ab|cd: In the phylogenetic tree there exists an edge ¢ such that if removed:

* a,bareinone connected component
* ¢,dinthe other connected component
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ab|cd: In the phylogenetic tree there exists an edge ¢ such that if removed:
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(Quartet trees

ab|cd: In the phylogenetic tree there exists an edge ¢ such that if removed:
* a,barein one connected component
* ¢,dinthe other connected component




(Quartet trees

Equivalently:
ab|cd: In the phylogenetic tree the path between a and b is disjoint from the path between cand d
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« Foraset{a,b, c,d}: 3 different possible quartet trees
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(Quartet trees

« Foraset{a,b, c,d}: 3 different possible quartet trees

* Foratree Tandset {a, b, c,d}, exactly 1 out of 3 agrees with 7: T(a, b, c, d)

o Thesetof all (n

A ) quartet trees determines the phylogeny
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Definition (Maximum Quartet Consistency)

Given a set @Q of quartet constraints g; = a.b; | ¢;d; ind the tree T that maximizes the satisfied constraints

« NP-hard even when the instance is satisfiable | Steel Journal of classification 1992 ]

« Approximation resistant under UGC [ Chatzialratis, Makarychev FOCS 2025]

* PTAS for dense instances (| @ | = ©(n*)) and planted instances with ® €(n2 log(n)) quartets
|Jiang, Kearney, Li. FOCS 1998, | Snir, Yuster. Journal on Discrete Mathematics 2011

* Practical algorithms and local to global compatibility phenomena [ Snir, Rao Molecular phylogenetics
and evolution 20121, | Alon, Snir, Yuster SODA 2014 ]
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Maximum Quartet Consistency (MQC)

Maximum Quartet Consistency is just a proxy, the goal is to recover the phylogeny
In this talk:
(-) Stronger assumptions: Impose probabilistic model on the input quartets

(+) More ambitious goal: Approximately recover the phylogeny



Planted model with random noise

We assume that there is a ground truth tree T

Access to quartets @ from the following procedure RCN(#):

-Sample 4 distinct species {a, b, ¢, d}, uniformly at random

-W.p. 1, get the correct quartet 1(a, b, c, d)

-W.p. 1 — 5, get arandom incorrect quartet
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We assume that there is a ground truth tree T

Access to quartets @ from the following procedure RCN(#):

-Sample 4 distinct species {a, b, ¢, d}, uniformly at random
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-W.p. 1 — 5, get arandom incorrect quartet
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(): How to measure distance between trees?



(Quartet Distance

Definition (quartet distance)

The quartet distance between two phylogenetic trees 7and T"is defined as the fraction of quartets on

which the two trees disagree, i.e.,

d(T,T') =

\ ta,b,c.d} : T(a,b,c,d) + T'(a, b, c. d)\

(5)




(Quartet Distance

Definition (quartet distance)

The quartet distance between two phylogenetic trees 7and T"is defined as the fraction of quartets on
which the two trees disagree, i.e.,

\ ta,b,c.d} : T(a,b,c,d) + T'(a, b, c. d)\

n
4

d(T,T') =
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Our Results

Theorem (Optimal Reconstruction)

There exists an algorithm with runtime O _(poly(n)) that given O (n) samples from the RCN model

recovers a tree 7' that is within distance € to the ground truth tree 7:
d(T,T)<e€

Remarks:

* Lower bound of (n) for any meaningful reconstruction (optimal samples)
* We achieve recovery without even seeing all the species (requires £2(n 1og(n)))

* Exact reconstruction requires ®(n°) samples

* Improves upon | Snir, Yuster 2011 ]
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Consider the ground truth tree T (assume for now that it is more or less balanced)

A

A

a b

q Observation: The probability that a quartetab | __ appearsis slightly higher than the probability of ac|__

P 2‘Tab‘ 0
g~rRON(@ =ab|__) «x 1 - + 0 ((\Tab\/rz) )
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Proof sketch

q Observation: The probability that a quartet ab | __ appearsis slightly higher than the probability of ac|__

Construct a graph on the leaves of the tree!

-Add edge (a, b) if a quartetab | __ appears in the samples

-Structure like a stochastic block model!

" % -Recover the communities
2 ' -Use them to reconstruct the tree
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The situation is more subtle:
Edge probabilities change gradually.

Subtree S does not exhibits a gap in probabilities

Introduce a buffer set B
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VA(S UB)

o

o

@

Proof sketch

/A

Using an SDP algorithm recover Sup to ~ £°n error [MMV16]

la -

R

A



Proof sketch

Add edge (a, b) it aquartetab | __ appearsin the samples

A

Consider a subtree withleaves S, | S| ~ en A
Buffer B, | B| ~ &’n

/A

VASUB "
GV B) Using an SDP algorithm recover Sup to ~ &”n error [MMV10]

Repeat the procedure 1/ times

B
A
~

&

O



Proof sketch

Add edge (a, b) it aquartetab | __ appearsin the samples

A

Consider a subtree withleaves S, | S| ~ en A
Buffer B, | B| ~ &’n

/A

VASUB
GV B) Using an SDP algorithm recover Sup to ~ &”n error [MMV10]

Repeat the procedure 1/ times

Recoversets S, S5, ..., S,
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Recoversets Sy, S5, ..., Sy,
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Proof sketch

Recoversets §y, S5, ..., 91/,

000000

Pick an arbitrary tree structure within sets (model trees, coarse solutions |SY16 |, [CM25])

A/\AA/\/\A

Look at all the (1/¢) "¢ ways to connect the communities

Pick the one that satisfies most quartets (ERM)

By a uniform convergence property it will satisfy 1 — € of all quartets




The sample complexity of tree learning

We have designed an efficient, polynomial time algorithm that given O_(n) noisy uniform quartets finds a tree
thatis close to the ground truth.

(): What about other distributions?

We show that O, 5(n) samples sulfice, information-theoretically, to learn the tree in a distribution-free PAC model

- Bound on the Natarajan dimension of quartets (analog of VC for multi-class classification)
- Linearly many samples suffice to learn a complicated structure



The sample complexity of tree learning

We have designed an efficient, polynomial time algorithm that given O_(n) noisy uniform quartets finds a tree
thatis close to the ground truth.

(): What about other distributions?

We show that O, 5(n) samples sulfice, information-theoretically, to learn the tree in a distribution-free PAC model

- Bound on the Natarajan dimension of quartets (analog of VC for multi-class classification)
- Linearly many samples suffice to learn a complicated structure

'T’hank youl!



